ON THE COMPLEMENTED SUBSPACES OF THE 
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Abstract. It is shown that for every 1 < £ < u> the Schreier space 
admits a set of continuum cardinality whose elements are mutually 
incomparable complemented subspaces spanned by subsequences of (e|), 
the natural Schauder basis of . It is also shown that there exists a 
complemented subspace spanned by a block basis of (e^), which is not 
isomorphic to a subspace generated by a subsequence of (e£), for every 
< £ < £. Finally, an example is given of an uncomplemented subspace 
of X^ which is spanned by a block basis of (e^). 



1. Introduction 

The Schreier families {5 , g}^ <a;i of finite subsets of positive integers (the 
precise definition is given in the next section) , introduced in |l[ , have played 
a central role in the development of modern Banach space theory. We men- 
tion the use of Schreier families in the construction of mixed Tsirelson spaces 
which are asymptotic l\ and arbitrarily distortable Q. The distortion of 
mixed Tsirelson spaces has been extensively studied in [0]. In that paper 



as well as in [ 14 ] , the moduli (5 a ) a<Ul were introduced measuring the com- 
plexity of the asymptotic t\ structure of a Banach space. The definitions of 
those moduli also involve the Schreier families. Other applications can be 
found in [||] and || where the Schreier families form the main tool for deter- 
mining the structure of those convex combinations of a weakly null sequence 
that tend to zero in norm, or are equivalent to the unit vector basis of cq. 
For applications of the Schreier families in the construction of hereditarily 
indecomposable Banach spaces, we refer to Q and ||. 

A notion companion to the Schreier families is that of the Schreier spaces. 
These are Banach spaces whose norm is related to a corresponding Schreier 
family. More precisely, for every countable ordinal £, we define a norm || • ||^ 
on coo, the space of finitely supported real valued sequences, in the following 
manner: Given x = (x(n)) € coo define 

= sup y \x(n)\. 
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X*, the Screier space of order £, is the completion of coo under the norm 
|| • j|t. X° = cq, the Banach space of null sequences. X 1 was first considered 



by Schreier [15| in order to provide an example of a weakly null sequence 
without Cesaro summable subsequence. It is proven in j!J that the natural 
Schauder basis (e n ) of X^ is 1-unconditional and shrinking. X 1 has been 
studied in |l3| where it is shown that every quotient of X 1 is co-saturated. 
That is, every infinite dimensional subspace contains a further subspace 
isomorphic to cq. 

Given M, an infinite subset of N, we let X\, denote the closed linear 

subspace of X^ spanned by the subsequence (e n ) ng A/- For an element x £ 

X^, x = ^neN a « e ™' we se * IMIo = su PngNl°n-l- The main result of this 
paper is the following 

Theorem 1.1. Let L = (l n ), M = (m n ) be infinite subsets of N, and let 
£ < uj. The following are equivalent: 

1. There exist a bounded linear operator T: X^ — > X^ and 5 > such 
that ||T(ef)|| > 6, for all I € L. 

2. (e^ ) dominates (eLj, for every ( < £. 

3. (e^ ) dominates (eL„). 

We recall here that a basic sequence (x n ) in some Banach space X is said 
to dominate the basic sequence (y n ) in the Banach space Y, if there exists 

a constant C > so that ||^r=i a *y*H — ^11 Y17=i a i x i\\i f° r ever y n 
and all scalar sequences (oj)f =1 . Equivalently, (x n ) dominates (y n ) if there 
exists a bounded linear operator T from the closed linear span of (x n ) into 
the closed linear span of (y n ) so that T{x n ) = y n , for every n G N. The 
sequences (x n ) and (y n ) are equivalent if each one of them dominates the 
other. 



As an immediate consequence of Theorem 1.1 we obtain 



Corollary 1.2. Let £ < u and L = (l n ), M = (m n ) be infinite subsets of 
N. 

1. If X^ is isomorphic to a subspace of X^ then (e^ ) dominates (e^J. 
Consequently, X^ L is isomorphic to X^ M if, and only if, (e^ ) is equiva- 
lent to (efn n ). 

2. If X^ is isomorphic to X^ M , then X^ is isomorphic to X^ M , for every 

C<£- 

3. Suppose that (e^ ) dominates a permutation of(efn n ). Then (e| ) dom- 
inates {efn n ). 



Theorem |1.1| combined with elementary descriptive set theory yields our 
next result on the structure of the subsequences of (eh), £ < u>. We recall 
here that the Banach spaces X and Y are incomparable if neither of them 
is isomorphic to a closed linear subspace of the other. 
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Theorem 1.3. For every £ < u there exists a set A (depending on £) con- 
sisting of infinite subsets of N and satisfying the following properties 

1. The cardinality of A is equal to the continuum. 

2. For every pair (L, M) of distinct elements of A, the spaces X^ and 
X^j are incomparable. 

The proofs of the aforementioned results are given in the third section of 
our paper. In the fourth section we deal with complemented subspaces of 
X^ spanned by block bases of (en). We show that there exists a block basis 
of (e n ) spanning a complemented subspace of X^ which is not isomorphic 
to X ( M , for all < C < £ and every infinite subset M of N. We also show 
that there exists a block basis of (e n ) spanning a subspace which is not 
complemented in X^. 

The problem of the isomorphic classification of the complemented sub- 
spaces of X^, even for block subspaces, seems rather difficult. 

Part of the research for this paper was conducted while the second author 
visited the University of Texas at Austin. The second author thanks the 
Department of Mathematics there, especially the Banach space group, for 
making the visit possible. Thanks are also due to Ted Odell for several 
conversations regarding the results contained herein. 



2. Preliminaries 
We shall make use of standard Banach space facts and terminology as 



may be found in [11]. In this section we shall review some of the necessary 
concepts. We shall also review two important hierarchies, the Schreier hi- 
erarchy 0] and the repeated averages hierarchy Q. Finally we shall state 
some fundamental results from descriptive set theory which will be widely 
used in the sequel. For a detailed study of descriptive set theory we refer to 

We first indicate some special notation that we will be using. A sequence 
(x n )^ =1 of elements of an arbitrary set will be conveniently denoted by (x n ). 
Given M, a subset of N, [M] <oc denotes the set of all finite subsets of M, 
while [M] stands for the set of all infinite subsets of M. If M € [N], then 
the notation M = {m n ) indicates that M = {m\ < mi < ■••}. Let E, F 
be finite sets of integers. We shall adopt the notation E < F to denote the 
relation max£ < mini* 1 . If x = (x(n)) belongs to coo, the space of finitely 
supported real valued sequences, and F € [N] <oc , then x(F) = ^2 ne p x(n), 
and \x\(F) = Y^ n€F \x(n)\. 

All Banach spaces considered throughout this paper are real. l\ denotes 
the Banach space of the absolutely summable sequences under the norm 
given by the sum of the absolute values of the coordinates, cq is the Banach 
space of the null sequences under the norm given by the maximum of the 
absolute values of the coordinates. By the term "subspace" of a Banach 
space we shall always mean a closed linear subspace. A subspace Y of the 
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Banach space X is said to be complemented if it is the range of a bounded 
linear projection on X. 

We next recall that if (x n ) is a sequence in some normed linear space, 
then the sequence (y n ) is called a block subsequence (resp. convex block 
subsequence ) of (x n ), if there exist sets Fi C N with F% < Fi < ■ ■ ■ and a 
sequence (dj) of scalars (resp. non-negative scalars such that ^2 n&F . a n = 1, 
for every i 6 N) such that for every i G N, yi = XmeF- a n x n- We then 
denote by suppyi, the support of yi, that is the set {n G Fi : |a n | > 0}. We 
shall also adopt the notation yi < yi < • • • to indicate that (y n ) is a block 
subsequence of (x n ). In case (x n ) is Schauder basic, then (y n ) will be called 
a block basis (resp. convex block basis ) of (x n ). 

Next we review the definition and some basic properties of the Schreier 
families {5 , ^}^ <W1 fflj. The Schreier families are defined by transfinite induc- 
tion as follows: 

S = {{n} : n G N}} U {0}. 

Suppose S*£ has been defined for every £ < £. If £ is a successor ordinal, say 
£ = C + 1) we set 

= {U^ =1 Fi : n G N, n < miniq,iq < ■ ■ ■ < F n , F { £ S c (i < n)} U {0}. 

If £ is a limit ordinal, let (£ n ) be a preassigned increasing sequence of 
successor ordinals whose limit is £. We set 

= U^ =1 {F G % : n < minF} U {0}. 

Given M G [N] we denote by S^M] the family {F:Fe%FcM}. 

An important property shared by the Schreier families is that they are 
spreading: If {p\, ■ ■ ■ G S$, p\ < ■ ■ ■ < Pk, and qi < • • • < qk are so that 
Pi < qi for all i < k, then {gi, • • • , q^} G S%. 

Of particular interest are the maximal (under inclusion) members of S^. 
The following lemma concerning those sets is proved in 

Lemma 2.1. Let M G [N] and £ < u\. Then there exists a (necessarily) 
unique sequence {Fn(M)}^ =1 of successive maximal S% sets so that M = 

u- =1 f|(m). 

Remark . The following stability properties of {Fn(M)}^ =1 are easily ver- 
ified: 

1. Ifh < k 2 < ■ ■ ■ and N = U^ =1 F^(M), then F%(N) = F^JM), for all 
n G N. 

2. Let M = (mi) and N = (m) be infinite subsets of N. Assume that 
for some p G N, m« = rtj for all i < p. If if (M) is contained in 
{rm:i< p], then if (M) = if (iV) for all i < k. 

In the sequel we shall make use of the following 

Lemma 2.2. Let M G [N], L G [M] and £ < cj. T/ien max if (M) < 
max if (L). 
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Proof. Suppose L = (Zj) and M = (mi). We prove the assertion of the 
lemma by induction on £. The case £ = is trivial. Assume now that £ > 1 
and that the assertion holds for £ — 1 and all P, Q with Q G [Pj. 
For an arbitrary P G [N], we set P\ = P and 

P i = {pe P: p> maxF^i(P)}, % > 2. 

We observe that if~ X (P) = pf -1 ^), for all i G N. We also have that 
Ff(P) = uf^F^P), where pi = min Pi . It follows now, by the induction 
hypothesis, that Li G [Mi], for all i G N. Therefore, 

maxFf(M) = maxFf _1 (M mi ) < maxPf _1 (X mi ) < maxF^L) 

as m\ < l\. The proof of the lemma is now complete. □ 

We now pass to the definition of the repeated averages hierarchy introduced 
in [||. We let (e n ) denote the unit vector basis of coo- For every countable 
ordinal £ and every M G [N], we define a convex block subsequence (Cji )^Li 
of (e n ) by transfinite induction on £ in the following manner: If £ = 0, then 
i^f = Gm n , for all n G N, where M = (m ra ). 

Assume that (C^f)^=i nas been defined for all C < £ an d M G [N]. Let 
£ = C + 1- Set 

nil 

M 



mi . 



where mi = minM. Suppose that ^ < ■ ■ ■ < ^ have been defined. Let 
M n = {m G M : m > maxsiipp^^} and /c n = minM n . 

Set 



1 ^ri 



If £ is a limit ordinal, let (£ n + 1) be the sequence of ordinals associated to 
£ in the definition of , and let also M G [N] . Define 

= [U + l]f 

where mi = minM. Suppose that ^f 1 < • • • < £* f have been defined. Let 
M n = {m G M : m > max suppt;^} and /c n = minM n . 

Set 

C M — \C _1_ 11 -Wn 

The inductive definition of {Cn)n=i , M G [N] is now complete. The following 
properties are established in j|. 

PI: (£* / )^ =1 is a convex block subsequence of (e n ) and M = U^ =1 supp^f 
for all M G [N] and £ < u>i. 

P2: suppf* 7 G % f or all M G [N], £ < uj x and n G N. 
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P3: If M,N G [N], £ < wi, and SMpp^ M = supp^f , for i < fc, then 
^ = f JV for i < fc. 

P4: If £ < wi, {n fc : fc G N} C N, and {L k : fc G N} C [N], are such that 
supp^ 1 < supp^ui+t, for all i e N, then letting L = D^j^supp^, we have 
that £f = for all i G N. 

Properties P3 and P4 are called stability properties of the hierarchy 

{(in)n=\ '■ M e Ml- lt is easil y seen > W induction, that supptff = F|(M), 
for every £ < u, all M G [N] and n G N. 

In the next lemma we show that for £ < uo and M G [N] the sequence 
(£n0) considered as a sequence in A^, is equivalent to the unit vector basis 
of co- Moreover, the equivalence constant depends only on £. 

Lemma 2.3. || YJl=i & M |k < £ + !> f or ever V M € [N], n G N, and £ < w. 

Proof. By induction on £. The case £ = is trivial. Assume the assertion 
holds for £ - 1. Let G G S^. We shall show that ££=i £ 4 M (G) < £ + 1, for 
every M G [N] and n G N. To this end choose Gi < • • • < Gi, successive 
members of S^-i so that I < minG and G = U' =1 Gj. Let also . . . i p } be 
an enumeration of the set {i < n : Ff(M) nG/0}. We define 

L = Uf =1 if t (M) U {m G M : m > max F^(M)} 

and observe that Ff t (M) = U^' =rt i+1 i 7 | _1 (L), for all t < p, where, vq = 

< r\ < ■ ■ ■ < r p are chosen so that r t — r t -\ = minF^(M), for all t < p. 
Therefore, 



* min if (M) . J 

and thus 



i p 



t=2 t=2 S =l min ^ ( M ) j=r t _ 1+ l 



= EE-4tt7; E K-Di L (G.) 

„ w o mm J<; M ■ , , 

^^(s| t , ,f - I)f(GJ ) 



< t £ (by the induction hypothesis) 

f^i min Ff 2 (M) 



1 -t 



min if 2 (M) 

< £ as Z < minG < max F^(M) < mm F^(M). 
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Finally, £t=i ^ (G) < 1 + f and hence ^=1 ^ M ( G ) < 1 + We conclude, 
since G G was arbitrary, that || X^iC^lk < C + 1> as claimed. □ 

Let now M G [N]. By identifying elements of [M] with their indicator 
functions, [M] can be endowed with the topology of pointwise convergence. 
It is not difficult to see that [M] is then homeomorphic to a Gs subset of the 
Cantor set {0, 1} N , and thus it is a zero-dimensional Polish space. Further, 
[M] is perfect (that is contains no isolated points) and every compact subset 
of [M] is nowhere dense. It is then a classical result that [M], endowed with 
the topology of pointwise convergence, is homeomorphic to the space of 
irrational numbers with the ordinary topology. It is worthwhile to note here 
that the family 

{W{pi, . . . ,p k ) : k G N, pi < ■ ■ ■ < p k , pi G M, i < k} 

where W(pi, . . . ,p k ) = {L G [M], L = (Zj) : h = Pi, i < k}, forms a basis of 
clopen subsets for the topology of the pointwise convergence in [M]. 



3. Proofs of the main results 



This section is devoted to the proofs of Theorems LI and |L3 . 
Definition 3.1. Let f < uj x and A G [N] <oc . We set 

t^(A) = max jn GN: A n F^(AU {m e N : m > max A}) ^ j. 

We observe that t^(A) remains invariant if {m G N : m > max A} is 
replaced by {m G M : m > max^4}, M G [N], in Definition |3.l| . The 
quantity t^(A) is important for our purposes since it will enable us state a 
criterion for determining whether or not the sequence (ef ) dominates (ei„), 
where L = (l n ) and M = (m n ) belong to [N]. Our next lemma describes 
some permanence properties of t^(A). 

Lemma 3.2. Let £ < u\ and A, B belong to [N] <oc . 

1. If Ad B then t^A) < r € (B). 

2. If A < B then t^A U B) < t^A) + r e (B). 

3. If A = {a\ < • • • < a n }, B = {b\ < • • • < b n }, n G N, and Oj < bi for 
i < n, then t^(B) < t^(A). 

4. Assume that A = Uf =1 Ai, B = Uf =1 Bi, where n G N, and A\ < ■ ■ ■ < 
A n , B\ < ■ ■ ■ < B n are maximal members of St. If mm Ai < mm Bi, 
for all i < n, then t^ + \{B) < T£+i(A). 

5. Assume that A = Uf =1 Ai for some n G N. Then 



t^)<£>(^))(£ + 1) + 1 



for any £ < u. 



s 
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Proof. The first two properties are immediate consequences of Definition 
|3.1[ The third property follows because is spreading. Let us show that 
4. holds. This is accomplished by induction on n. The case n = 1 is 
easy because t^ + i(B) = t^ + i(A) = 1. Assuming the assertion true for all 
k < n, we set k\ = min^li and l\ = minimi. In case l\ > n, we obtain that 
B G S^+i- Thus rg + i(-B) = 1 and hence the assertion holds. 

Next suppose that l\ < n. It follows that U^i =1 Aj and U^-Bj are max- 
imal S^+i sets. On the other hand, because n — h < n, the induction 
hypothesis yields that T£+i(U™ =li+1 Bi) < ^+i(U™ =ii+1 ^4i). But also, k\ < l\ 
and so property 1. yields that T£ +1 (Uf =h+1 Ai) < r €+1 (U" =fci+1 Aj). The 
proof is complete since t^ + i(B) = 1 + t^ + i(U™ =; +1 Bi), while t^ + i(A) = 

We now prove 5. Let k = t^{A) and M = A U {m G N : m > max ^4}. 
Denote Ylj=x Cj 1 by x - By Lemma |2.3| , \\x\\^ < £ + 1. Hence 

n 

k-l = x{A) <J2 x ( A i) 

i=l 

n 

i=l 
n 

<E#))k+i), 

i=i 

from which the result follows. □ 

Definition 3.3. Let £ < u\ and L = (l n ), M = (m n ) belong to [N]. Define 

dt(L,M) = sup{r 5 (0-M) : A G S^M]}. 

Where (/): L — > M is the natural bijection <j){l n ) = m n , for all n G N. 

The reason we introduced the quantity d^(L,M) is justified by our next 
lemma. 

Lemma 3.4. Let £ < u> and L = (l n ), M = (m n ) belong to [N]. Then (e^ ) 
dominates (e^J if and only if, d^(L,M) is finite. 

Proof. Suppose first that d^(L,M) = p < oo. Let (aj)™ =1 be scalars and 

choose F G Sf[M] so that YlieH l a *l = II SILi a i e mi ||> where we have set 
H = {i < n : mi G F}. It follows, by our assumption, that we can find 
G\ < ■ ■ ■ < G p successive S^[L] sets so that C U? =1 Gj. We now set 

Hj = {i £ H : I; £ Gj}, for all j < p. It is clear that H = \s- = ^Hj and 
moreover, {7j : i G Hj} belongs to 5*g[L]. Finally, 

p n 

X^i = Y1 Yl i ai i - p 

i&H j=l i£Hj i=l 
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Thus > II E?=i ^4* II < p II E?=i o*4 II- 

Conversely, assume that (ef ) C-dominates (eL„) and let F € S^[M]. 
Suppose that t^(4>~ 1 F) = k. It follows that there exist G\ < •■ ■ < G^-i, 
successive maximal S^[L] sets so that U^T^Gi C 4>~ l F. Put 

U^Gj U{l€i: / > maxG fc _i}. 



Q 

We may write |g = E jeGl a j e f ' with E jeGl 
apply Lemma 2.2, we obtain 



1, for all i < A; — 1. If we 



C(£ + l) > C 



> 



jfc-l 

£«? 

i=l 
fc-1 

EE 

i=i jeG, 



C 



fe-l 



EE 

i=l jeG, 
> k - 1, 



as U^I{<P(j) : j £ GJ C F and ^ ieGl °j = L Hence > ^ + 1) + 1 

which implies that dg(L,M) < C(£ + 1) + 1 as F was an arbitrary 

set. □ 

We shall next show that (e„) has "many" non-equivalent subsequences. 
Lemma 3.5. Let 1 < £ < u, N G [N] and se£ 

2? = {(L,M) G [AT] x [AT] : d^(L,M) = d((M,L) = oo}. 
T/ien T> is a Gs dense subset of [N] x [N] . 

Proof. By Baire's theorem, it suffices to show that the sets {(L, M) G [N] x 
[AT] : d^(L,M) < oo} and {(L, M) G [AT] x [AT] : d f (M,L) < oo} are first 
category P CT subsets of [N] x [A 7 ']. Indeed, we may write 

{(L,M) G [N] x [AT] : d^(L,M) < oo} = U^° =1 {(L,M) : d^(L,M) < n}. 

It is easy to see that each set in the union is closed in [AT] x [N] and thus 
it remains to show that {(L,M) G [N] x [N] : d^(L,M) < n} has empty 
interior in [N] x [N]. If that were not the case, choose IA and V, non- 
empty basic clopen subsets of [N] so that U x V is contained in {(L,M) G 
[A 7 ] x [N] : c%(L,M) < n}. There exist pi < •■■ < p k in A 7 so that 
V = W(pi,...,p fc ). Fix L G W, L = (Zi). If M G [AT], minM > p k , let 
P = {pi, • • • ,p fc } U M. Since P) < n, it follows that if L k = (l kM )<^ x , 

then d^(Lk,M) < n. By Lemma |5~4| this implies that (e^)/ g L fc is equivalent 
to the unit vector basis of t\ which is absurd. Arguing similarly, we also 
obtain that {(L, M) G [N] x [N] : dg(M, L) < oo} is first category, F a subset 
of [AT] x [A 7 ]. ' □ 

We also need the following result which is a special case of a theorem by 
Mycielski @ and Kuratowski @ (cf. also @). 
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Proposition 3.6. Let K be a perfect Polish space and G a G$ dense subset 
of K x K . There exists C, a subset of K homeomorphic to the Cantor set 
such that C x C \ A C G (here A is the diagonal subset of K x K). 

This result may be found in Q (p. 129, Theorem 19.1) but we shall 
include a proof to be thorough. 

Lemma 3.7. Let K be Polish and G be an open dense subset of K x K . 
Let also (Aj)™ =1 (n > 2) be a finite sequence of open non-empty subsets of 
K. Then for every e > there exist (Bi)f =1) open non-empty subsets of K, 
so that diamBi < e, for alii < n and Bi x Bj C G n (Ai x Aj), for all i ^ j 
in {1, . . . , n}. 

Proof. By induction on n. Suppose first that n = 2. Since (A\ x A 2 )nG ^ 0, 
there exist C\ , C% , open non-empty subsets of K whose diameters are smaller 
than e, so that Cj'xC^cGn (A\ x A 2 ). Further, (G 2 x C\) and 
thus there exist B\, B 2 , open non-empty subsets of K, so that B 2 x B\ C 
Gfl (C*2 xCj). Of course -Bi and 1?2 satisfy the conclusion of the lemma for 
n = 2. 

Next assume n > 2 and that the result holds for n — 1. We can therefore 
choose (Cj)^ , open non-empty subsets of with diameters smaller than 
e, so that d x Cj C G fl (Aj x Aj), for all « / j in {1, . . . , n — 1}. Next, 
set A n fl = A n and choose, as in the case n = 2, (Bi)™~^, {A n ^~^, non- 
empty open subsets of K with diameters smaller than e, so that Bi x A n j C 
G n (C» x A n( i_i) and A n>i xB^cGn x G), for all i < n - 1. Set 

-B n = A„ jn _i and it is easy to check that (Bi)f =1 is the desired sequence. □ 



Proof of Proposition \3. q . Since X contains no isolated points, A is nowhere 
dense in K x K. Hence, G D (K x K \ A) is a dense subset of x A'. 
We shall therefore assume, without loss of generality, that G n A = 0. Now 
let (G n ) be a decreasing sequence of open dense subsets of K x K, whose 
intersection is G. We can assume that G n fl A = 0, for all n € N. 

We shall construct a collection {L/q : a G {0, l} n , n € N} of open non- 
empty subsets of -fT so that the following properties are satisfied for every 
n e N: 

(i) fl TTp = 0, whenever a / /? in {0, l} n . 

(ii) C 17/3, for all a G {0, 1}™ and every (3 G {0, l} m , (to < n), initial 
segment of a. 

(iii) diamU a < i, for every a G {0, l} n . 

(iv) U a xUp C G n , whenever a / /3 in {0, l} n . 
Once this is accomplished, we let 

G={xGA: 3aG{0,l} N , {x} = n~ 

Where a|n = (ai, . . . , a n ), if a = (a^) G {0, 1} N . It is a standard result that 
G is homeomorphic to the Cantor set. Property (iv) yields that G satisfies 



the conclusion of Proposition 3.6. 
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The construction is done by induction on n £ N. For n = 1 choose Wo 
and W\, open non-empty subsets of K so that Wq x W\ C G\. Wq and W\ 



are disjoint since G\ PI A = 0. If we apply Lemma 3.7, for e = 1, on the 
dense open subset G\ and the open sets Wo and W\, we shall find Uo, U%, 
non-empty open subsets of K, satisfying properties (i)-(iv), for n = 1. 

Now suppose that for every k < n we have constructed {U a : a £ 
{0, l} fe }, a collection of open non-empty subsets of K whose members sat- 
isfy properties (i)-(iv), for k. Let {d±, . . . , d p }, p = 2 n , be an enumeration of 



{0, l} n . Another application of Lemma 3/7 yields Wjo and Wji, non-empty 



open subsets of K, j < p, so that Wj r x Wj s C (U^ x U&.) n G n+ i, for 
every j < p and all pairs (r, s) of distinct elements of {0, 1}. It follows, since 
G n+ \ n A = 0, that Wjo D Wji = 0. According to the induction hypothesis 
Ud~ n = 0, for all ? 7^ j in {1, . . . ,p}, and thus Wj> n W\ s = 0, for all 

0\r)^(»»in{l,...,p}x{0,l}. 

We next apply Lemma [3?7| , for e = ^q-j-, on the family {Wj r : (j,r) £ 

{1, . . . ,p} x {0, 1}} and the dense open subset G n+ \. We shall obtain : 

a £ {0, l} n+1 }, a collection of non-empty open subsets of K, so that U a x 

C/g C (Wj> x Wi s ) H G n +i whenever a = (dj,r), f3 = (di, s) and (j, r) 7^ (i, s) 

in {l,...,p} x {0,1}. Evidently, {C/q, : a £ {0, l} n+1 } satisfies properties 

(i)-(iv). The inductive step as well as the proof of the proposition are now 

complete. □ 



Assuming we have proved Theorem |1 . 1| and Corollary 1.2, let us now show 



how to derive Theorem |1.3| from our previously obtained results. 

Proof of Theorem Let T> be as in the statement of Lemma |3.5| , where 
we have taken iV = N. We can apply Proposition |3.6| for the space [N] and 
the subset T> to obtain Ad [N], homeomorphic to the Cantor set and such 
that A x A \ A C V. Lemma |0] and Corollary |T| yield that A is the 
desired subset of \H] . □ 



We shall next pass to the proof of Theorem 1.1. We first prove some neces- 
sary lemmas. 

Lemma 3.8. Let G £ [N] <oc and £ < u. The following are equivalent: 

1. G is a member (resp. maximal member) of St. 

2. For every < £ < £ there exist n £ N and G% < ■ ■ ■ < G n successive 
members (resp. maximal members) of so that G = L)f =1 Gi and 
{minGj : i < n} is a member (resp. maximal member) of Sc—£. 

3. There exist 0<C^C> n£N and G\ < ■ ■ ■ < G n successive members 
(resp. maximal members) of so that G = \J™ =1 Gi and {minGj : i < 
n} is a member (resp. maximal member) o/S^_^. 

Proof. We show that all three conditions are equivalent for the members of 

1. =>■ 2. By induction on £, If £ = the assertion is trivial. Suppose 
now £ > 1 and that the assertion holds for £ — 1. Let £ < £. If £ = £, 
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the assertion is again trivial. So assume £ < £. Choose Hi < ■ ■ ■ < H p in 
S^-i so that p < minimi and G = \J? =1 Hi. The induction hypothesis yields 
that for each i < p there exist Hn < • • • < Hi ri in so that {min Hij : 
j < ^j} belongs to S^_f_i and Hi = L>y =1 Hij. Let {Gi, . . . ,G n } be an 
enumeration of the set {H^ : j < ri, i < p} so that Gi < ■ ■ ■ < G n . Note 
that {minGj : i < n} = U? =1 {mm Hij : j < n} and so it is a member of 
as p < mini/n = minimi. 

2. =4> 3. This implication is trivial. 

3. => 1. By induction on £. If £ = the assertion is trivial. Suppose 
now £ > 1 and that the assertion holds for £ — 1. Let £ < £. If £ = £, 
the assertion is again trivial. So assume £ < £. We first apply 1. 2. 
for the set {minGj : i < n} £ to obtain Hi < ■ ■ ■ < H p in 

so that {minGj : i < n} = uf =1 ifj and {mini/j : i < p} £ Si. Set 
F = {j < n : minGj £ Hi}, i < p. Then Uj^j.Gj £ by the induction 

hypothesis since {minGj : j £ Jj} = -ffj which belongs to S^-c-i. Finally, 
G = ^ = i(^j£iiGj) £ S^, as minG = mm Hi > p. The latter inequality 
holds because {min^Tj : i < p} £ Si. 

The proof for the case of maximal Schreier sets requires only minor mod- 
ifications. Namely, all the sets which belong to an appropriate class S a , 
a < £ and appear in the previous arguments, can be taken to be maximal 
members of S a - □ 



Lemma 3.9. Let £ < u)\. Suppose that L = (Zj), M = (rrii) belong to [N] 
and satisfy k < rrii < k+i, for every i £ N. Then (e^.) is 2-equivalent to 

(eij. That is, \\J2i=i a i e t\\ < II EiLi a i e rrn || < 2|| Ya=i a i e t\\> f or ever y 
n £ N and all scalar sequences (aj)™ =1 . 

We omit the easy proof and pass to 

Lemma 3.10. Let £ < oj and < ( < £. Then for every L £ [N], 
considered as a sequence in , is 12(£ + l)-equivalent to (e|~^). Here we 
have set q n = min Fn{L) , for all n £ N. 

Proof. Let n £ N and (aj)™ =1 be scalars. Choose G C {qi, ■ ■ ■ ,q n } with 
G £ >%_(; such that YUei l a *l = II Ej"=i a « e * i II) where we have set J = {i < 



n : qi £ G}. It follows that if = Uj g /F^(L) £ S^, by Lemma Hence, 

II E"=i a *C L lk ^ Ete/ N and thus II EJU a i4" c ll < II E"=i a iC L lk- 

We next show that || £? =1 <Htfk ^ 12 (C + 1)11 E?=i a<4~ C ll- Let G G 
5g[L ] be maximal and put Gj = F^(L) n G, for all i < n. We apply Lemma 
|3.8| to find p G N and Hi < • • • < iJ p maximal members of S^ so that 
G = Uj =1 Hj and {minfij : j < p} is a maximal member of 5*^_^. 

We claim that each of the Gj's can intersect at most two of the Hj's. 
Indeed, assume that for some i and j\ < ji < js we had that Gi n Hj r ^ 0, 
for all r < 3. Then Hj 2 C Gj because Hj 2 C [min Gi, max Gi]. Thus, 
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Hj 2 C F^(L) and hence Hj 2 = F^(L), by the maximality of Hj 2 . It follows 
that Hj 2 = Gi which is a contradiction as Hj 1 n Hj 2 = 0. 

Therefore our claim holds and evidently, for each i < n, Gi intersects 
either exactly one of the -ff/s, or exactly two (consecutive) -ff/s. We can 
thus partition {1, . . . , n} in the following two subsets: 



I\ = {i < n : Gi C. Hj, for some j < p}, 



I 2 = {i<n: 3n < j 2 < p, G, C H n U H n , G t n H jr + 0, r < 2}. 

Let kj = max if (L), for all i < n. We now have the following 

CLAIM. Suppose that Tj C ly(L), for all i < n. Assume also that for 
each i < n there exists j < p so that Tj C i?j . Then 



n 

E" L " "' 
i=i 



a iC^(Um=l^m) 



<(c+i; 



E 

i=i 



Once the claim is established we finish the proof as follows: Observe that 
our claim yields 



ie/i 



<(C + i) 



E 

i=l 



On the other hand, if i E I2 there exist i4j < -Bj so that Gj = i4j U -Bj and 
each element of {Ai,Bi} is contained in some Hj. Our claim then yields 
that 



<2«+i; 



E 

i=l 



Therefore, | YH=i a iCi{G)\ < 3(£ + 1)|| SI=i a « e l II- ^ follows now, since 

G was arbitrary, that || Ya=i °*C^lk — ^(C + 1)11 J27=i a « e i~^ll- The desired 
estimate follows now from Lemma EOI. 
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We proceed now to prove our claim. Let Rj = {i <n : Tj ^ 0, C Hj}, 
j < P, and choose ij G Rj such that max^^. \a r \ = (a,. |. 



i=l 



j=i ieRj 



i=l 



< 



E ( E ^ J (u me ^T m ) < ^ ^ OiC 
7=1 \e.Ri ' j=i ieR-i 



because U meRj T m G 5 C , 



< 



V(C + l)max|ai|, by 
* — * isitd 

.7=1 



Lemma 2.3 



S(c+i)Ki<(c+i) E a ^ 

3=1 



i=l 



The last inequality holds since Tj. C iTj implies that minfZj < fcj., for all 
j < p and thus : j < p} G S^-C- The P r °°f of the lemma is now 
complete. □ 

We recall here that a sequence (x n ) in some Banach space is said to be an 
if-spreading model, £ < ui, provided that there exists a constant C > so 
that || YlieF a i x i\\ — &Yli£F l a «l> f° r everv F £ and all scalars (a^i^p. 

Remark . It is easy to see that every subsequence of (e n ) is an if -spreading 
model in . However, Lemma 2J) implies that no subsequence of (en) is 
an l^ 1 -spreading model in . 



Proposition 3.11. Suppose L = (7,; 



M 



(mi) belong to [N] and that 



£ < uj. Assume further that there exist a map ip: L — » M and a bounded 



linear operator T: X^ — * X^ M so that T(e^) = e^ny for every I G L. Then 
there exists an integer D > so that T^(ip~ 1 F) < D, for every F G S^-M] 
and allO<C<(. 

Proof We first note that ijj~ l F G [L] <0 °, for every F G [M]<°°. Indeed, if 
that were not the case, we would find m G M and N G [L] so that tp(l) = m, 
for every I G N. It follows that T(£f ) = 4n, for all i G N. But this 
contradicts Lemma 2.3 because T is bounded. 

Fix < ( < £. Our first task is to show that sup„ T^(ip~ 1 Fn(P)) < oo, for 

every P G [M]. Suppose this is not the case and so sup n T^(ip~ 1 Fn(P)) = oo, 
for some P G [M]. We claim that there exist a sequence of positive integers, 
(rij), and a sequence of successive maximal 5^+i[L]-sets, (Gj), so that letting 
qi = minGj, for all i G N, the following is satisfied: 

Gi \ {qi} C ip^F^P), for all i G N. 
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Indeed, choose n\ so that T^[ip~ 1 Fn 1 (P)) > l\. Put q\ = l\. Because 
ip~ 1 Fn 1 (P) contains at least l\ successive maximal S^Lj-sets, it is clear 
that there exists H\ C tp~ 1 Fn 1 (P), q\ < minimi, so that G\ = {q{\ U H\ is 
a maximal S^+ifLj-set. 

Put lt x = maxGi and w\ = t^({Ii, ... ,l tl }). We can find ri2 > n\ so that 
t^- x F^{P)) > Wl + l tl+1 . Now, {Iei:I> l tl+ i} n i)j- 1 F^{P) must 
contain at least lti+i successive maximal 5^[L]-sets. If not, then t^[{1 G L : 
I > h 1+ i} n iJ^FiiP)} < l tl+1 and thus T^^F^P)) < l tl+1 + w u by 
Lemma [T^. But this contradicts the choice of ri2- 

We set q2 = hi+i an d arguing as we did in the case i = 1, we can find 
H2 C ip~ 1 Fn 2 (P), q2 < mini/2) so that G2 = fe} U H2 is a maximal 
5^ + i[L]-set. We next put l t2 = maxG^ and continue in the same fashion to 
obtain sequences (nj), (Gj) satisfying the desired properties. 

Let Q = U^Gi. Clearly, Q G [L] and P/ +1 (Q) = G h for all i G N. We 
now set R = Ug^F^P). Then, P G [M] and P/(P) = p£(P), for all i G N. 
We observe that if q G Gi \ {qi}, then T(e\) = ei, for some m G F^{R). 

Next write (£ + 1)^ = c^e^ + (1 — ai)ui, for all i G N. Here, iij is a convex 
combination of the vectors {&q) q ^Gi\{qi} an d < Oj < 1. Evidently, limj a, = 
0. Observe that Tm is a convex combination of the vectors ( e m) meF c^ and 
thus ||Tuj||g = 1, for all i G N. 

It must be the case that C < £ f° r if n °t, Lemma yields lim, \\ui\\^ = 0. 
On the other hand ||Twj||£ = 1, for all % G N. Hence T is not bounded 
contrary to our assumption. Therefore, £ < £ and so \\ui\\^ = 1, for all 
i€N. 

Recall that limj ||(1 — aj)Tnj||g = 1 and (1 — ai)Tui is supported by F^(R). 
Using Lemma 3^, it is easy to check that ((1 — a,i)Tui) is an £f~ -spreading 
model in XL- , and consequently, since limj o« = 0, (T[(C + 1)$ ]) is also an 
H -spreading model in Xff. We conclude, as T is bounded, that ((C + 1)^ ) 
is an ^^-spreading model in X^. However, if we apply Lemma |3.10| we 
obtain that (e^"^ -1 ) is an ^"^-spreading model in X^ - ^" 1 . But this contra- 
dicts with the remark after Lemma 3.1C . Hence, sup n r^('0 _1 Pi(P)) < 00, 
for every P G [M] . It follows that 

[M] = U£° =1 {P G [M] : ^-^(P)) < k, Vn G N}. 

It is easily seen that every set in the union is closed in [M]. Baire's theorem 
now yields ^eN and < • • • < ri c in M so that if P G [M], P = 
and ^ = r£, i < s^, then T^[ifj~ 1 Fn(P)) < fc^, for all n G N. It follows 

now that there exists tuq G M so that if P G S^M], minP > r«Q, then 
T C (ip- l F) < k ( . 

Finally, choose D ( G N so that r c (^ _1 P) < Pf, for ever y F G ^cM' 
maxP < tUq. Part 5. of Lemma 3^ now yields that r c (-0 _1 P) < (P( + 
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fc^)(C + 1) + 1, for every F £ 5^[M]. To complete the proof we need only 
take D = max{(L> ( + fc f )(C + 1) + 1 : C < £}• □ 

Proposition 3.12. Suppose L = (U), M = (mi) belong to [N] and i/iai 
£ < u. Assume further that there exist a map ifi: L — > M and an integer 
D > so that t c {%Ij- 1 F) < D, for every F £ S C [M] and all < C < £■ 
Then there exist integer constants Eq, < ( < £, so that T ( ^((fi~ 1 F) < Eq, 
for every F £ S^[M] and all < £ < £. Here, eft: L — > M, is the natural 
bijection <j)(lj) = rrij. 

Proof. If ( = the assertion is trivial (Eq = 1). Suppose the assertion holds 
for some C < £-1. We will show that E (+1 = [((+1)E C +1] [(2£>+l)(C+2)+l] 
works for ( + 1. Let F € 5^ + i[M], F = {m^, . . . , mj p }. Our hypothesis 
yields that {l^ , . . . , Zj p } is contained in the union of E^m^ 5^[L]-sets and so 
T^({Zi i; < (C + l)^^! + 1 by part 5. of Lemma Choose gi € N 
so that the set {l^+j : < j < gi} is the union of exactly [(£ + + 
successive maximal 5^[L]-sets. 

CLAIM. T C+1 ({l il+J :0<j< qi })< E (+1 . 

Once our claim is proven, we apply Lemmas |2.2j , and |3.2| (parts 4. and 1.) 
to conclude that r ?+1 ({/ il+i : < j < p-l}) < 2% + i and r^ + i({Z il , . . . ,Z ip }) 

To prove the claim we choose q < gi so that the set {/jj+j : < j < g} is 
the union of exactly successive, maximal 5^[L]-sets. Our task now is to 
show that T (+1 ({l il+j : < j < g}) < (2D + !)(( + 2) + 1. The claim will 



then follow by applying parts 4. and 2. of Lemma 3.2. 

We first observe that if < jo < q is chosen so that l^+j < m^+j, for all 
j < jo, then {l^+j ■ < j < jo} is contained in the union of 2D 5^ + i[L]-sets. 
Indeed, {mi 1+ j : < j < jo} belongs to Sf + i[M], by part 3. of Lemma 
^2] and the fact that ^({i^+j : < j < jo} < m^. It follows now that 
* = {ip(l h+j ) : < j < jo, ij)(li 1+ j) > m h } belongs to S^ +1 [M]. To see this 
let {mt < ■■■ < nit k }, where k < jo and i\ < to, be an enumeration of Vl/. 
Then mt j > m^+j, for every < j < k. Since {m^+j : < j < k} belongs 
to S^ + i [M] which is spreading, we conclude that ^ belongs to S^+i [M] . Our 
hypothesis (for ( + 1) yields that ■i/> _1 (\I') = : < j < jo, t/j(li 1+ j) > 

m^} is contained in the union of D 5^+i[L]-sets. On the other hand, the 
cardinality of the set {ip(li 1+ j) : < j < jo, ^(^i+j) < m^} is at most 
ii — 1. Our hypothesis (for £ = 0) now yields that the cardinality of the set 
■ iptk-t+j) < m^, < j < jo} is at most D(i\ — 1). We deduce, since 
l ; n > h ~ 1) that {li x +j : VK^i+j) < m «D < J < jo} is contained in the 
union of D S\ [L]-sets. Hence, {l^+j ■ < j < jo} is contained in the union 
of 2D 5 c+ i[L]-sets. 

Next set j\ = min{j : < j < q and h-^+j > m{ 1+ j}. If j\ does not 
exist, then l^+j < rrii 1+ j, for all < j < q. We obtain, by our previous 
observation for jo = q, that {l^+j ■ < j < q} is contained in the union of 
2D S c+ i[L]-sets. 
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If ji does exist, then {h x +j '■ < j < j±} is contained in the union of 2D 
S*^ + i[L]-sets. Indeed, this is obvious if ji = 0. If j\ > 1 the assertion follows 
from our previous observation by taking j$ = j\ — 1. Finally, {h-i+j '■ ji < 
j < q} belongs to S^ + i[L], since > m il+jl > m il and {h 1+ j : ji <j< 

q} is contained in the union of successive maximal ^[Lj-sets. Thus, 
{l^+j : < j < q} is contained in the union of 2D + 1 S*^ +1 [L]-sets. 

Concluding, in any case, the set {l^+j ■ < j < q} is contained in the 
union of 2D + 1 S^ + i [L]-sets. Hence, applying part 5. of Lemma |3.2| , we 
obtain that T (+1 ({l h+j : < j < q}) < (2D + + 2) + 1, as desired. The 
proof of the proposition is complete. □ 



Proposition 3.13. Let £ < oj\ and L = (Zj), M = (m,) be in [N]. Suppose 
that there exist 5 > and a bounded linear operator T: X^ — > X^ M such 
that ||T(ef)||o > S, for every I € L. Then there exist a map tp: L — * M and 



a bounded linear operator R: — » X^ such that R(ej) = e^™, for every 

leL. 



positive integers so that di 



Proof. Following 11], given two infinite matrices (a^) and (<hj), we shall call 
(dij) a block diagonal of (a^), if there exist (r&), (sf.), increasing sequences of 

\a>ij, if e Uf =l [r k ,r k+ i) x [s k ,s k+1 ) 
I 0, otherwise. 

We can represent T as an infinite matrix ((%■). Then T(e^) = X^jli a ij e mj, 
for every j £ N. Because ||T(e^.)||o > (5, for every i € N there exists j € N 
such that |ojj-| > 5. We can thus define a map ip: L — > M so that if 
= mj, then |ttjj| > 5. Observe that i/j~ 1 {mj} is finite, for all j € N, 
since (T(e\_)) is weakly null in X^ M . In particular, ij)(L) G [M]. Let {m kj )j? =l 
be the increasing enumeration of ip(L). Given x = X]£i A^e; . € X^ L , we set 
•S"^) = Sfci(X]£i ^« a jfc ) e m fc . • It follows, since T is bounded and (e|) is 
unconditional, that S is a well denned bounded linear operator from X^ L 
into X^^. Moreover, the matrix representation (cjj) of S* with respect to 

the bases (e^.) and (eL,. .) is given by c^- = Ojfc., for all positive integers 



j ■ 



We next consider the matrix (bij) given by 



hi 



if ip(li) = m k 



■3 



0, otherwise. 



Note that there exists a unique non-zero entry in every row of the matrix 
(bij), while each column contains only finitely many non-zero entries. We 
can thus find p, a permutation of N, so that the matrix (b p u\j) is a block 
diagonal of [c p u\j). Since (c p ^)j) represents the bounded linear operator 

S: X^ L — > with respect to the bases (e^ ) and (eL t .), and (b p ^)j) 

is a block diagonal of (c p ^j), Proposition I.e. 8 of |ll| yields that (b p ^j) 
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also represents a bounded linear operator from X^ into -^rn with respect 
to the bases (ef ) and (em k .)- Consequently, (bij) represents a bounded 
linear operator W : X| — » -^wn with respect to the bases (e^) and (eL t .) 
which evidently satisfies W(e\.) = (Hkj^n.} (where ip(k) = m^), for all 
i £ N. Because |ajfc.| > 5, if V'(^) = m k ] i and (el) is unconditional, we 
obtain that there exists a bounded linear operator R : X^ — ► XjL such that 

^(4) = 4w for every z G L ' D 

We are now ready for the 



Proof of Theorem 1.1. 3. => 1. and 2. => 3. are immediate. To prove that 1. 



implies 2. we first apply Proposition 3.13 to obtain a map ip: L — > M and 
a bounded linear operator i?: — ► X|j such that R(ef) = 4(i)> ^ or ever y 
/ G L. Propositions 3.11 and 3.12| will then yield a constant E > such that 



r c (^ _1 F) < £, for every F € S C [M] and < C < £• (Where 0: L -► M is 
the natural bijection.) The result now follows from Lemma |3.4| . □ 

To obtain Corollary |1.2| we shall need the following 

Lemma 3.14. Let £ < u> and s = (u n ) be a bounded block basis of {en) such 
that lim n ||u n |[o = 0. Then for every N G [N] and < £ < £ i/iere exists 
M G [iV] so i/iai lim n \\(^f • s||^ = 0. (Given fi = a i e i e c 00; we denote 
by n ■ s the vector Yl^i a « n * which of course belongs to coo-) 

Proof. If £ = 0, the assertion follows from the fact that lim n ||n n ||o = 0. 
Assume now that £ < £ — 1 and that the assertion holds for £. Let iV € [N] 
and e > 0. We will find Q G [JV] so that ||(C + 1)? ■ s\\ c+1 < e. Once this is 
accomplished, we can choose (Qi) C [N] so that ||(C + 1)^ 1 •sllc+i < where 
limit* = and Ff +1 (Qi) < F$ +1 (Q 2 ) < Letting M = U^F^ 1 (Qi), 
we obtain that (( + 1)^ = (C + for all i € N and thus lim; ||(C + I)? 1 ■ 

4c+i = o. 

We now pass to the construction of Q. By the induction hypothesis we 
can choose a sequence (Pi) C [N] satisfying the following properties: 

1. F 1 C (P 1 )<Ff(P 2 )<--, 

2. minF^Pi) > 2 ~t 2b , where 6 is chosen so that ||i*n||^ < o, for every 
n G N. 

3- HCf 4 ,,s llc < 2'fc 1 - i ' f° r an * — ^" Here we have set fcj = max supp^f* -s). 

Put Q = U^F^Pi). We are going to show that || £™ =1 ■ s||f+i < 2 + 26, 
for every n G N. Note that = Cf 1 and = if (Pi), for all i G N. 

Let G G Sf+i- Let also {i\, . . . , i p } be an enumeration of {i < n : supp(C,f • 
s )nG ^ 0}. Choose Z < minG and G x < • • • < Gi in S ? so that G = u| =1 Gj. 
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Then |(Q • s)(G)\ < b. Further, 



t=2 



= ££«? 

j=l t=2 

s EE lie? 

j=l t=2 



s){G 3 ) 



V 



<££i«t 

j=l t=2 
P 1 



s)(G 3 )\ 



sEE 



=1 t=2 



2^k 



it-1 



< 



1 



Therefore, 

ii x^ n fQ 
ll l^i=i <■>« 

IKC + i)?- 



EILi(C 



Q 



k[ 1 
s)(G)\ 



< 1, since i < minG < fc 



It follows that 
we obtain that 
□ 



n=i(C?-*)(G)| <b + l 
■ s llc+l — 2 + 26. If we take n = min F^(P\), 

< e. The proof of the lemma is now complete. 

Proof of Corollary Li. Let T: — > X^ M be an isomorphic embedding. 
We apply Theorem 1.1 to show that (e^ ) dominates (efn„)- Indeed, we 
need only check that inf; e ^ ||T(ef)||o > 0. If that were not the case, let 
(xi) be a subsequence of (T(ef.)) such that limj ||xi||o = 0. By a standard 
perturbation result we can assume, without loss of generality, that for some 
block basis (ui) of (ef ) and a null sequence of positive scalars (ej) we have 
that \\xi— UiWg < £j, for all i £ N. It follows that also lirrij ||tij||o = 0, and thus 
Lemma |3.14j yields N € [N] so that limj • s||^ = 0, where s = (ui). But 



then lirrij \\^ • x\\^ = as well, (x = (xi)) This is a contradiction because 

(xi) is equivalent to a subsequence of (e^.) and thus it is an ^-spreading 

model. Hence, (e^ ) dominates (ei„) completing the proof of part 1. Parts 
2 and 3 are immediate consequences of Theorem 1.1. □ 



We recall that a Banach space X is said to be primary if, for every bounded 
linear projection P on X, either PX or (/ — P)X is isomorphic to X. 

Corollary 3.15. X^ N is not primary, for every N E [N] and all 1 < £ < u>. 

Proof We first let T = {(L, M) € [N] x [N] : LU M = N, L n M = 0}. 
T is easily seen to be closed in [N] x [N] and thus it is a Polish space. We 
next set Q = {(L, M) G T : d^(N, L) = d%(N, M) = oo}. Arguing as we did 
in the proof of Lemma |3.5| we obtain that Q is a G$ dense subset of P. If 
(L, M) eG then X^ N = X\ x\ r However, Theorem [Q] implies that X r 



is not isomorphic to a subspace of either x\ or x\ 



N 
□ 



4. SUBSPACES SPANNED BY BLOCK BASES 

In this section we investigate subspaces of X^ spanned by block bases 
of (en). We first show that there exists a block basis of (e n ) spanning a 
complemented subspace of X^ which is not isomorphic to X^ M , for every 
M € [N] and all < C < £• 
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Lemma 4.1. Let x\ < • • • < x p be a finite block basis of(e n ), the unit vector 
basis of coo. Let also G\ < ■ ■ ■ < G q be finite subsets of N and (ai)f =1 be 
scalars. Assume that there exists C > such that a i x i)(^j€jGj)\ < 

C , whenever I C {1, . . . ,p} and J C {1, . . . ,q} satisfy one of the following 
two conditions: 

1. L = U jeJ Lj, L jl < I j2 if ji < j 2 and Jj = {i £ J : suppxiDGj / 0}, for 
all j £ J. 

2. J = Ujg/Jj, Ji x < Ji 2 if i\ < %2 and Ji = {j £ J : suppxi n Gj ^ 0} ; 
for all i £ L. 

Then |QXi aiXi)(U q j=1 Gj)\ < SC. 

Proof. Given j < q, we let Tj = {i < p : suppxi f~l Gj ^ 0}. We also let 
J = {j < q : Tj ^ 0} and Ji = {j £ J : \Tj\ = 1}. Set J 2 = J\ J\. Given 
j £ J2 we let Sj = min Tj and tj = max Tj . We observe that Sj 1 < tj 1 < Sj 2 , 
for every j\ < j'2 in J2. 

Next, we define a map a: J± — ► {1, . . . ,p} so that {o"(j)} = Tj, for every 
j £ Ji- Note that cr(Ji) and Ji satisfy condition 2. and therefore 



i=i ieo-(Ji) 



< C. 



Suppose now that J2 = {ji, . . . , jk} and put J3 = {j r : r < A;, r is odd } and 
J4 = {j r '■ r < k,r is even }. It follows that Uj^j m Tj and J m , m, £ {3,4}, 
satisfy condition 1. and thus 



Q2 a i x i)(UjeJm G j) = ( Yl a i x i)( u JeJm G j) 



i=i 



<C,m£ {3,4}. 



Hence, |(X)i=i a i x i)(UjeJ 2 Gj)\ ^ 2(7. The assertion follows since 



OiXi) (u^ =1 Gj) = (^aiXj)(u jeJl Gj) + (^a^) (u j6 j 2 Gj). 



i=i 



i=i 



□ 



Lemma 4.2. Lei 1 < ( < £ < w anc ^ ^ e a Mocfc 6asis 0/ (e„) so £/iai 
/or some 6 > 0, ||x n ||^ < b, for every n £ N. Lei a/so fc n = max suppx n , 
for every iidN, and suppose that ||x ra ||^_i < 2 k^_ 1 , for every n > 2. Then 
IQ^ILi a i x i){.H)\ < (2 + b) maxj< n \a,i\, for every H £ S^, n £ N and all 
scalar sequences (aj)™ =1 . 

Proof. Let H £ and put io = min{i < n : suppx-i n 7^ 0}. We may 
write Lf = U T j =l Hj, where r < mini? and Hi < ■ ■ ■ < H r belong to S^-i. 
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Note that min 77 < k{ Q . We also observe that \xi(H)\ < r||xj||^_i and hence 



^2 aiXi{H)\ < ^ l a il r ll x ilk-i 

i=io+l i=io+l 



oo ^ 

< r(max |a, |) > — ; < 2 max la,- 1. 

i<n 1 u ^ 2 fe »-i ~ i<n 1 1 

i=io+l 



Finally, |xj (i7)| < [|xj ||j < b and thus 

\(Yh=i aiXi)(H)\ < (2 + 6)maxj< n \a,i\, as desired. 



□ 



Our next proposition is a partial generalization of Lemma 3.10 



Proposition 4.3. Let £ < u and {x n ) be a semi- normalized block basis of 
(e|). Set £ = min{a < £ : inf n ||rE n || a > 0}. Then there exists a subsequence 
of (x n ) which is equivalent to a subsequence o/(e^ - ^). 

Proof. Choose 5 > 0, b > so that 5 < \\x n \\^ an d \\x n \\( < b, for every 
n G N. Assume first that £ > 1. Then we choose inductively n\ < ri2 < ■ ■ ■ 
so that H^nJIc-i < 2fci 1 _ 1 , for every i > 2, where &j = maxsuppx ni . For 
every i G N we can find F{ G S(, Fj C suppx ni , so that |x ni |(Fj) > 5. Put 
m; = minFj. We are going to show that (x ni ) is equivalent to (ef^ )■ To this 
end let k G N and (ai)f =1 be scalars. We first show that || E?=i a i e mi \\ < 
Si=i 'Jj^nJIg- Indeed, if G C {mi, . . . ,nik} belongs to S^-^ then set 
A = {i < k : mi £ G}. We have the following estimate 



^|Oi|<<5 1 ^ Wi\\Xni\(Fi) < S 1 \\y~]aiX ni \\t 

ieA i£A i=l 



as UjgA-Fi G by Lemma 3.5. 

Next, let G G Sg. Lemmaf^ yields Gi < • • • < G q in with {minG-,- : 
j < belonging to Sf_£ and so that G = Uy =1 Gj. We shall apply Lemma 



I] in order to estimate |(Ei=i a i x nJ(Uj =1 Gj)|. Let 7 C {l,...,k} and 
J C {1, ...,9} satisfy condition 1. of Lemma 4.1. Then 7,- = {i G 7 : 
suppx rii fl Gj 7^ 0}, for every j G J. We choose ij G Ij such that |a^| = 



maxjg/^. I 



for every j G J. Fix jo G J. 



a^n,) (U jeJ Gj) 



Q*i%rii (G^ 



.A) • 



Jo 



iei 



< (2 + 6) max |a 



eh, 



30 



2 + b) |oj jQ I , by Lemma ^ 



Hence |(£ ieJ aiX ni )(\J jeJ Gj)\ <(2 + b) Ej 6 jKI- 

Note also that {m^ : j G J \ {min J}} belongs to 5"^_(. This is so 
since suppx ni n Gj / 0, whenever i G 7j and j G J, and thus min Gj ± < 
min suppx ni < mi, for every i G 7j 2 and ji < ji in J. In particular, 
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min Gj 1 < mi J2 , when j% < 22 in J ■ Since Sf-£ is spreading we ob- 
tain that \rrii. : j £ J \ {min J}} belongs to S^-^. It follows now that 

Eiej\{minj} \<Hj \ < II Ei=i a i e fe C || and hence 



< 2(2 + 6) 



i=l 



We shall now assume that I C {1, . . . , fc} and J C {1, . . . , g} satisfy condition 
2. of Lemma LI. Then Jj = {j £ J : suppx ni D Gj 7^ 0} , for all i G 7. An 
argument similar to that in the preceding paragraph, yields that {mi : i £ 

I \ {mini}} belongs to It follows that Yliel \ai\ < 2|| X)f=i a i e m^ II- 

Finally, 



iei 



i&I 



< \aj\, as Uj eJi Gj £ ,% 

k 



< 26 



We deduce from Lemma |LJ that 



(E ai ^)( u l=i^) 



i=l 



< 6(2 + 6) 



i=l 



and hence || ^=1 ai%m\k - 12 ( 2 + b )W Ya=i a « e fe II- 

To complete the proof we need to consider the case ( = 0. We now choose 
m n £ suppx n such that |x n |({m n }) > 5, for all n £ N. We are going to show 
that (x n ) is equivalent to (eL„). Arguing as we did in the case ( > 1 we 
obtain that || Ya=i a i e mi || < 1| Y^!i=i a i x i\\(,^ f° r every k £ N and all scalar 
sequences (oi)* =1 . 

Next let G £ and put / = < A; : suppxi flG^0). Then 



X>^(G) <^klMG)| <&J] 



< 26 



as {mj : i £ I\ {mini}} £ S^. 



Hence || Yli=i a i x i Ws, — ^\\ S(=i a i e mi || • The proof of the proposition is now 
complete. □ 



As an immediate consequence of Proposition |4.3| we obtain 
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Corollary 4.4. For every semi-normalized weakly null sequence in , £ < 
to, there exist £ < £ and a subsequence which is equivalent to a subsequence 
of(ei). 



Lemma 4.5. Let 1 < £ < uj and (F n ) be a sequence of successive members 
of satisfying the following 

1. (r^_i(F n )) increases to oo. 

2. sup n m ^/ n +k ) > k, for every k G N. 

Let (u n ) be a convex block basis of (e|) such that suppu n = F n , for every 
n G N. Assume further that Yln=i < 00 • ^Zien £/ie closed linear 

span of (u n ) in is not isomorphic to X^ M , for every £ < £ and M G [N]. 

Proof. (u n ) is normalized in X^ since -F n G S^, for every n G N. We let X 
denote the closed linear span of (u n ) in X^. Because Y^n=i \\ u n\\^-i < °°, 
we deduce from Proposition |4.3| that every semi-normalized block basis of 
(u n ) admits a subsequence equivalent to the unit vector basis of cq. Indeed, 
let (v n ), v n = YlieG biUi, be a semi-normalized block basis of (u n ). Note 
that (b n ) is bounded since (v n ) is. But also, lim n YlieG \\ u i\\$-l = 0; since 



YlnLi ll n "lk-i < 00 • Hence lim n ||v n ||^_i = and therefore Proposition O 
(for C = yields a subsequence of (w n ) equivalent to the unit vector basis 
of Co. 

It follows that every semi-normalized weakly null sequence in X admits 
a subsequence equivalent to the unit vector basis of cq. That is, X has 
property (S) Q. However, X^ M fails property (S) when £ > 1 and M G [N]. 
Thus, X^ M is not isomorphic to a subspace of X for every 1 < ( < £ and 
M G [N]. 

To complete the proof we show that X is not isomorphic to cq. This 
is accomplished by showing that for every k € N there exists n G N so 
that (u n+ i)i =1 is isometrically equivalent to the unit vector basis of l\. In 
particular X contains uniformly complemented £j"s. It is a well known fact 
that Co fails this property. 

We let k € N and choose according to 2. n G N so that ""J 1 /" x > 

fc. Condition 1. now yields that Yli=i T £~i(Fn+i) < minF n and thus 
\J* =l F n+i G % Hence 



A' 



A' 



^ ciiUn+i > ^ \ai\u n+i (F n+i ) = ^2 \a,i\, 
i=l € i=l i=l 

for every scalar sequence (aj)f =1 . Therefore (■u n +j)| =1 is isometrically equiv- 
alent to the unit vector basis of l\. □ 

Proposition 4.6. Let 1 < £ < u. There exists a normalized convex block 
basis (u n ) of (eft) so that letting F n = suppu n , for every n G N, the following 
are satisfied 
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1. T£_i(F n ) = n 2 and m.inF n > k(n + k) 2 , for every n and k in N such 
that k < n. 

2. X = [u n : n G N] is not isomorphic to X\, for every £ < £ and 
Mg[N]. 

3. X is complemented in . 

Proof. We inductively choose a sequence of integer intervals (F n ) such that 
for every n G N 



minF n > max{/c(n + A;) 2 : A; < n} U {mini^-i} and r^„i(i ? ra ) = n 2 . 
Put M n = F n U {m £ N : m > m&xF n }, for every n 6 N. We then define 



1 n " 

i=i 



Condition 1. is an immediate consequence of the inductive construction. 
This condition implies that in fact F n G S%, for every n G N and thus (u n ) is 
indeed a normalized convex block basis of (en)- We also obtain from Lemma 
2.3 that ||^n||§-i < gr and so XmLi ll^nllf-i < 00 • Hence condition 2. holds 



in view of Lemma 4.5. It remains to establish that X is complemented in 



X^ . To this end we define a map P : cqq — > cqo by 



P(x) = > x(Fi)ui, for all x G cqo- 



i=i 



Clearly P is well defined and linear. It is also clear that P(ui) = Ui, for 
every i G N. Our objective is to show that P is bounded with respect to 
the || • ||g-norm on cqq, for then P will extend to a bounded linear projection 
on X^ with range equal to X. To achieve our goal it suffices to show that 
if G G is maximal, then (Y^=i x (Fi) u i)(G) < 18£, for every p G N and 
x G coo, < 1, with x({i}) > 0, i G N. 

According to condition 1. of our hypothesis, for every i G N there exist 
Fn < • • • < Fjj2 successive S^-i sets so that = U\ =1 Fik , and {minFjfc : 
k < i 2 } G 5i. Next let g = min G and choose Gi < • • • < G q maximal 
members of S^-i so that G = U^ =1 Gj. Of course {minGj : j < q} is 
maximal in S\. We shall apply Lemma [O. Let / C {l,...p} and J C 
{1, . . . q} satisfy condition 1. of Lemma Recall that Ij = {i G / : 
suppui n Gj ^ 0}, j G J. For each j G J we choose ij G Ij and fcj < v 2 such 
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that x{F ij k j ) = max k<i 2 ieI . x(F i f i .). We have the following estimate 



jeJ ieij k=i 



k=l 



■ 2 

since Fj = l4 =1 -F ifc , 



^E^oEE^- 1 )^- 

j'gJ «e/j fc=l 

< ^1^)^, by Lemma |J, 

<^(U ieJ F iifc .)<2e 



The last inequality holds because \\x\\^ < 1 and Uj g j\{ m } n jyFijkj 

G S 6 . 

Indeed, minG.^ < min Fi j kj when j\ < j'2 in J and therefore, as {minGy : 
j < q} G Si, U je j\ {minJ }Fj jfcj belongs to by Lemma |3l| 

Next assume that I C {!,..., p} and J C {!,..., q} satisfy condition 



2. of Lemma (O]. Then Jj = {j G J : suppui fl Gj 7^ 0}, z G /. We set 
#i = {j G Jj : G-,- C suppui}, i £ L Since suppui = Fi is an interval, 
|<^i| < l-f^il + 2, for all i G I. Moreover, since each Gj is a maximal S^-i 
set and r^_i(i ? j) = i 2 , we have that \H{\ < i 2 , for all i 6 I. To estimate 
YjieiYjj&j i \H i x ( F i) u ii G i)^ choose jj G Jj \ Hj, for every i € I (we have 
assumed without loss of generality that Jj \ -ff, 7^ 0). Then, the sets I 



and {jj : i G /} satisfy condition 1. of Lemma 4.1. We deduce from our 
preceding work that 

E x(Fi)ui(G 3 )<4(i, 
iei jeJi\Hi 

as \Ji\Hi\ < 2, for every i G /. We next choose, for every i G I, Ri C 
{1, . . . , i 2 } with = and such that 

1 42 1 

^E^^r^qE^)- 

k=i 1 *' fce_R 4 

This choice is possible since \Hi\ < i 2 . (We make use of the following 
fact: Let (ai)™ =1 be scalars with aj < aj, i < j, and let k < n. Then 
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n E"=l °i ^ E"=fc+i We now have that 



EE £*(*w 



1 *- 



i)f'(G s ; 



fc=l 



1 

fc=i 



£, by Lemma 2.3, 



< £x(U iel!keRi F ik ) < 2f. 

The latter inequality follows since \\x\\^ < 1 and Di^i\{ m m i}. keRiFik S S^. 
Indeed, the cardinality of the set {mini^ : k G i G 1} does not exceed 
that of J since \Ri\ = \Hi\, for all i G /. It follows now, since |J| < minGi, 
that {minFjfc : k G {mini}} belongs to .Si and thus Di^j^eRiFik 

is the union of two members of S^. Concluding, 

^x(F^W eJ G,) = ]T J] x{F i )u i {G j ) + Y,Y, x ^< G o) 

i&I ' i&I j£Ji\Hi i&I j&Hi 

< 4£ + 2£ = 6£. 

Lemma 4.1 now implies that (X)f=i x (Fi) u i)(G) < 18£, for every p£N and 
a: G c 00 , Iklk ^ with ^({O) > 0, i G N. It follows that ||Pj| < 18f . The 
proof of the proposition is now complete. □ 

Proposition 4.7. Let 1 < £ < a; and 6e a fr/ocfc basis of {en) satisfying 
the following 

1. u n = v n + w n with suppv n fl suppw n = 0, n G N. 

2. (uvi) is equivalent to the unit vector basis of cq. 

3. lim„ \\v n \\z = yei sup n || Yn=i v i\k = °°- 

Taen there exists no projection from onto the closed linear span of (u n ). 

Proof. Let X denote the closed linear span of (u n ) in Xt and assume that 
P: X* -> X is a bounded linear projection. Note that since (e n ) is uncon- 
ditional our assumptions yield that (u n ) is semi- normalized in X^. Lemma 
2.a.ll of [|ll| now yields that (w n ) dominates (v n ) contradicting 3. as 

su Pn II £r=l < 00 • D 

It is easy to construct a normalized convex block basis of (e|), £ > lj 
satisfying conditions 1.-3. Indeed, let M G [N], M = (m n ), such that 
En ^ < 00 • Let <?" = minF|(M), n G N (recall that F|(M) = supptff). 
Because £ > 1, (e|„) is not dominated by the unit vector basis of cq. 
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It follows that there exists a sequence of positive scalars (a n ) such that 
lim n a n = and sup n || Ya=i a i e Qi II = 00 ■ Set v n = a n e\ n and w n = 
Tzgfo£ i6 4 (M)U , n} C«4> " e N. Finally, we let u n = v n + «;„, 

n £ N. Evidently, (u n ) is a normalized convex block basis of (e|) satis- 
fying 1. and 3. It remains to show that 2. holds. We observe that since 
J2 n W~ < 00 an< ^ i€n) 1S equivalent to the unit vector basis of cq, then 

letting x n = T, ieF ^ M) \ {qn} £^(*) e i > we have that su Pn II ££=1 x ik < °°- lt 
follows that (w n ) is equivalent to the unit vector basis of Cq as lim n a n = 
and lim n ^(?„)=0. 
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